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The Nambu-Gorkov Green’s function approach is applied to strongly type-II superconductivity in
a 2D spin-momentum locked (Weyl) Fermi gas model at high perpendicular magnetic fields. When
the chemical potential is sufficiently close to the branching (Dirac) point, such that the cyclotron
effective mass, m∗, is a very small fraction of the free electron mass, me, relatively large portion of
the H − T phase diagram is exposed to magneto-quantum oscillation effects. This model system is
realized in the 2D superconducting state, observed recently on the surface of the topological insulator
Sb2Te3, for which high field measurements were reported at low carrier densities with m
∗ = 0.065me.
Calculations of the pairing condensation energy in such a system, as a function of H and T , using
both the Weyl model and a reference standard model, that exploits a simple quadratic dispersion law,
are found to yield indistinguishable results in comparison with the experimental data. Significant
deviations from the predictions of the standard model are found only for very small carrier densities,
when the cyclotron energy becomes very large, the Landau level filling factors are smaller than unity,
and the Fermi energy shrinks below the cutoff energy.
PACS numbers: 74.78.-w, 74.25.Ha, 74.20.-z
INTRODUCTION
The recent discoveries of surface and interface su-
perconductivity with exceptionally high superconducting
(SC) transition temperatures in several material struc-
tures [1],[2], [3] have drawn much attention to the phe-
nomenon of strong type-II superconductivity in two-
dimensional (2D) electron systems, in which the appli-
cation of high magnetic fields can lead to exotic phe-
nomena both in the normal and SC states[4]. Of special
interest is the unique situation of the 2D superconduc-
tivity realized in surface states of topological insulators,
e.g. Sb2Te3 [5], where the chemical potential EF is close
to a Dirac point [6] (with Fermi velocity v) and the cy-
clotron effective mass, m∗ = EF /v2[7] is a small fraction
(e.g. 0.065 in Sb2Te3, see also [8]) of the free electron
mass me, resulting in a dramatic enhancement of the cy-
clotron frequency, ωc = eH/m
∗c, and the corresponding
Landau level (LL) energy spacing. In a recent paper [9]
we have exploited a standard electron gas model, with a
quadratic energy-momentum dispersion and an effective
band mass m∗ = 0.065me, in a systematic investigation
of the quasi-particle states and the SC pair-potential in
the vortex lattice state of this system under high perpen-
dicular magnetic fields, by solving self-consistently the
corresponding Bogoliubov de Gennes (BdG) equations.
The results account reasonably well for the 2D SC state
observed on the surface of Sb2Te3 under magnetic fields
of up to 3 T [5], revealing a strong type-II superconduc-
tivity at unusually low carrier density and small cyclotron
effective mass, which can be realized only in the strong
coupling (λ ∼ 1) superconductor limit. This unique sit-
uation is due to the proximity of the Fermi energy to
a Dirac point, which implies that other materials in the
emerging field of surface superconductivity, with metallic
surface states and Dirac dispersion law around the Fermi
energy, can show similar features.
It should be noted, however, that the use of the
standard LL spectrum, arising from a parabolic band-
structure, in the self-consistent BdG theory, presented
in Ref.[9], has been done heuristically, without actual
derivation from the effective 2D Weyl Hamiltonian de-
scribing the helical surface states observed in these topo-
logical insulators [10], [5]. Such a derivation is partic-
ularly necessary for the spin-momentum locked model
under study here, since SC pairing involves certain spin-
orbital correlations.
Our purpose in the present paper is, therefore, two-
fold: First, to develop the formal framework for solving
the self consistency equation for the SC order parame-
ter in the 2D Weyl model Hamiltonian under a strong
perpendicular magnetic field, and then exploit the de-
veloped formalism in a study of the transition to super-
conductivity in comparison with the well known results
of the standard model[4]. The SC transition in helical
surface states of topological insulators, such as those re-
ported, e.g. in Ref.[5], is then comparatively studied
with respect to both models. It is found that, similar
to the well known solution of the linearized self consis-
tency equation, derived by Helfand and Werthamer for
the standard model [11], [9] the desired solution of the
corresponding integral equation in the 2D Weyl model is
greatly facilitated by initially finding analytical solutions
of the eigenvalue equation for the SC order parameter.
Furthermore, the calculated H − T phase diagram for
the Weyl model in the semiclassical limit (i.e. for LL
filling factors nF > 1) can be directly mapped onto that
found for the standard model, having the same Fermi
surface parameters EF and v, and a cyclotron effective
mass equal to m∗ = EF /2v2. Significant deviations from
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2the predicted mapping are found only for very small car-
rier densities, when the cyclotron energy becomes very
large, the LL filling factors are smaller than unity, and
the Fermi energy shrinks below the cutoff energy.
THE 2D SPIN-MOMENTUM LOCKED (WEYL)
FERMION GAS MODEL
To describe the underlying normal surface state elec-
tron, with charge −e , in a topological insulator under a
magnetic field H = (0, 0, H) (vector potential in the Lan-
dau gauge, A = (−Hy, 0, 0)), we exploit the Weyl Hamil-
tonian: [10]
ĥ (r) = ~v (σ̂xp˜x + σ̂yp˜y)− EF σ̂0 (1)
with the Pauli matrices: σ̂x =
(
0 1
1 0
)
; σ̂y =(
0 −i
i 0
)
; σ̂0 =
(
1 0
0 1
)
, and the gauge invariant mo-
mentum p˜≡ (−i∇+ (e/~c)A), such that:
ĥ (r) =
 0 −~v ∂∂y − ~v (i ∂∂x + ya2H )
~v ∂∂y − ~v
(
i ∂∂x +
y
a2H
)
0
 . (2)
In these equations v is the Fermi velocity and aH ≡
√
~c
eH is the magnetic length. Note that Zeeman spin-splitting is
neglected with respect to the cyclotron energy in Eq.1 due to the very small cyclotron effective mass considered here.
The corresponding Weyl equation for the spinor
(
ψ↑ (r)
ψ↓ (r)
)
takes the form:
 −EF −~v ∂∂y − ~v (i ∂∂x + ya2H )
~v ∂∂y − ~v
(
i ∂∂x +
y
a2H
)
−EF
( ψ↑ (r)
ψ↓ (r)
)
= E
(
ψ↑ (r)
ψ↓ (r)
)
(3)
Expressing all length variables in units of the magnetic length aH , and introducing the dimensionless energy variable
µ ≡ EF aH√
2~v , where all other energy symbols refer in what follows to quantities measured in units of the cyclotron energy
~ωc ≡
√
2~v
aH
, we write the corresponding mean-field Hamiltonian for singlet pairing in Nambu representation:
Ĥ =
(
1√
2
σ̂ · p˜− µ iσ̂y∆ (r)
−iσ̂y∆∗ (r) − 1√2 σ̂
∗ · p˜∗ + µ
)
(4)
where the spin-singlet order parameter is defined by: ∆∗ (r) ≡ − (|V | /~ωc)
〈
ψ†↓ (r)ψ
†
↑ (r)
〉
≡ ∆∗↑↓ (r) = −∆∗↓↑ (r) [12]
and σ̂ ≡ (σx, σy).
The corresponding Nambu field operators:
Ψ̂ (r; t) ≡

ψ↑ (r; t)
ψ↓ (r; t)
ψ†↑ (r; t)
ψ†↓ (r; t)
 , Ψ̂† (r; t) ≡ [ ψ†↑ (r; t) ψ†↓ (r; t) ψ↑ (r; t) ψ↓ (r; t) ]
satisfy the equation of motion i∂tΨ̂ (r; t) = ĤΨ̂ (r; t) , resulting in the corresponding equations for the Nambu-Gorkov
time-ordered Green’s functions 4× 4 matrix, Ĝ (r, r′; t− t′) ≡ −i
〈
T Ψ̂ (r; t) Ψ̂† (r′; t′)
〉
:
[
i∂t −
(
1√
2
σ̂ · p˜− µ iσ̂y∆∗ (r)
−iσ̂y∆∗ (r) − 1√2 σ̂∗ · p˜∗ + µ
)](
Ĝ11 (r, r
′; t− t′) Ĝ12 (r, r′; t− t′)
Ĝ21 (r, r
′; t− t′) Ĝ22 (r, r′; t− t′)
)
= δ (t− t′) δ (r− r′) (5)
Time-Fourier transforming with frequency ω and rewriting Eq.5 in its integral form, the relevant parts of these
equations for our purpose here is written in the form:
3Ĝ11 (r, r
′;ω) = Ĝ(0)11 (r, r
′;ω) +
∫
dr′′Ĝ(0)11 (r, r
′′;ω) iσ̂y∆ (r′′) Ĝ21 (r′′, r′;ω) , (6)
Ĝ21 (r, r
′;ω) =
∫
dr′′Ĝ(0)T11 (r
′′, r;−ω) iσ̂y∆∗ (r′′) Ĝ11 (r′′, r′;ω) (7)
where the upper-left block of the Normal state 2 × 2 Green’s function matrix: Ĝ(0)11 (r, r′;ω) ≡(
G
(0)
↑↑ (r, r
′;ω) G(0)↑↓ (r, r
′;ω)
G
(0)
↓↑ (r, r
′;ω) G(0)↓↓ (r, r
′;ω)
)
, satisfies the equation:
(
ω + µ− 1√
2
σ̂ · p˜
)
Ĝ
(0)
11 (r, r
′;ω) = δ (r− r′) (8)
and its transpose with frequency −ω, Ĝ(0)T11 (r′, r;−ω), satisfies the dual equation:(
ω − µ+ 1√
2
σ∗ · p˜∗
)
Ĝ
(0)T
11 (r
′, r;−ω) = −δ (r− r′) (9)
Expanding the above normal state Green’s functions in terms of the complete set of solutions, ϕn (y − kx) =
1
pi1/4
√
2nn!
e−
1
2 (y−kx)2Hn (y − kx) , of the eigenstate equation: 12
[
−∂2y + (y − kx)2 − 1
]
ϕn (y − kx) = nϕn (y − kx),
where Hn (y) is Hermite polynomial of order n = 0, 1, 2, ..., we find:
G
(0)
↑↑ (r, r
′;ω) =
1
Lx
∑
kx
eikx(x−x
′)
∞∑
n=0
(ω + µ)ϕn (y − kx)ϕn (y′ − kx)
(ω + µ)
2 − (n+ 1) (10)
G
(0)
↑↓ (r, r
′;ω) =
1
Lx
∑
kx
eikx(x−x
′)
∞∑
n=0
(−√n)ϕn−1 (y − kx)ϕn (y′ − kx)
(ω + µ)
2 − n (11)
G
(0)
↓↑ (r, r
′;ω) =
1
Lx
∑
kx
eikx(x−x
′)
∞∑
n=0
(−√n+ 1)ϕn+1 (y − kx)ϕn (y′ − kx)
(ω + µ)
2 − (n+ 1) (12)
G
(0)
↓↓ (r, r
′;ω) =
1
Lx
∑
kx
eikx(x−x
′)
∞∑
n=0
(ω + µ)ϕn (y − kx)ϕn (y′ − kx)
(ω + µ)
2 − n (13)
where Lx is the surface size along the x-axis (measured in units of aH).
Leading order expansion of the integral equations Eq.7 in the order parameter ∆ (r) yields:
Ĝ21 (r, r
′;ω) ≡
(
F+↑↑ (r, r
′;ω) F+↑↓ (r, r
′;ω)
F+↓↑ (r, r
′;ω) F+↓↓ (r, r
′;ω)
)
=
∫
dr′′Ĝ(0)T11 (r
′′, r;−ω) iσy∆∗ (r′′) Ĝ(0)11 (r′′, r′;ω)
so that for the anomalous Green’s functions F+↓↑ (r, r
′;ω) and F+↑↓ (r, r
′;ω) we find, respectively:
F+↓↑ (r, r
′;ω) =
∫
dr′′∆∗ (r′′)
[
G
(0)
↑↓ (r
′′, r;−ω)G(0)↓↑ (r′′, r′;ω)−G(0)↓↓ (r′′, r;−ω)G(0)↑↑ (r′′, r′;ω)
]
(14)
4F+↑↓ (r, r
′;ω) =
∫
dr′′∆∗ (r′′)
[
G
(0)
↑↑ (r
′′, r;−ω)G(0)↓↓ (r′′, r′;ω)−G(0)↓↑ (r′′, r;−ω)G(0)↑↓ (r′′, r′;ω)
]
(15)
The self-consistency condition for the singlet SC order parameter, in the imaginary (Matsubara) frequency repre-
sentation, ων = (2ν + 1)piτ (τ ≡ kBT/~ωc) , ν = 0,±1,±2, ...:
∆∗ (r) = − (|V | /~ωc)
〈
ψ̂†↓ (r; τ) ψ̂
†
↑ (r; τ)
〉
= (|V | /~ωc) τ
∞∑
ν=−∞
F+↓↑ (r, r;ων) ,∆
∗ (r) ≡ ∆∗↑↓ (r) = −∆∗↓↑ (r) (16)
where V is the effective electron-electron interaction potential responsible for the pairing instability. Note that, unlike
the dimensionless quantity ∆∗ (r), both V and kBT are expressed here in their absolute energy dimensions. Thus,
to leading order in ∆∗ (r) Eq.16 takes the form:
∆∗ (r) = (|V | /~ωc)
∫
dr′∆∗ (r′)Q (r′, r) (17)
where the kernel Q (r′, r) is given by:
Q (r′, r) = τ
∞∑
ν=−∞
Q (r′, r;ων) ,
Q (r′, r;ων) = Q
↑↓
↓↑ (r
′, r;ων)−Q↑↑↓↓ (r′, r;ων) (18)
with:
Q↑↓↓↑ (r
′, r;ων) = G
(0)
↓↑ (r
′, r;−ων)G(0)↑↓ (r′, r;ων) ,
Q↑↑↓↓ (r
′, r;ων) = G
(0)
↓↓ (r
′, r;−ων)G(0)↑↑ (r′, r;ων)
Exploiting Eqs.10-13 for the normal state Green’s functions we derive the following explicit expressions for the
kernels:
Q↑↑↓↓ (r
′, r;ων) =
(
1
2pi
)2 ∞∑
n,n′=0
(−iων + µ) (iων + µ)[
(−iων + µ)2 − n
] [
(iων + µ)
2 − (n′ + 1)
] ×
ei(x
′−x)(y+y′)e−
1
2ρ
2
Ln′
(
1
2
ρ2
)
Ln
(
1
2
ρ2
)
(19)
Q↑↓↓↑ (r
′, r;ων) = −1
2
(
1
2pi
)2 ∞∑
n,n′=1
1[
(−iων + µ)2 − n
] 1[
(iων + µ)
2 − n′
] ×
ei(x
′−x)(y+y′)e−
1
2ρ
2
ρ2L′n
(
1
2
ρ2
)
L′n′
(
1
2
ρ2
)
, (20)
where ρ = |r − r′|. Similar to the situation in the standard, single band (with quadratic energy dispersion) 2D
electron system, the order parameter of the Landau orbital form ∆∗ (r) ∝ e−2iqxxϕm
[√
2 (y − qx)
]
,m = 0, 1, 2, ..., is
an eigenfunction of the integral operator
∫
dr′Q (r′, r) ...,
that is: ∫
dr′Q (r′, r) ∆∗ (r′) = A∆∗ (r) (21)
This important result is obtained by showing that the above Landau orbital is also an eigenfunction of the inte-
gral operators kBT
∞∑
ν=−∞
∫
dr′Q↑↑↓↓ (r
′, r;ων) ..., kBT
∞∑
ν=−∞
∫
dr′Q↑↓↓↑ (r
′, r;ων) ..., so that, by exploiting Eqs.19,20, the
eigenvalue A in Eq.21 can be written in terms of the respective eigenvalues, A↑↓↓↑, A
↑↑
↓↓ , as:
5A = A↑↓↓↑ −A↑↑↓↓ (22)
where:
A↑↓↓↑ = −τ
∞∑
ν=−∞
∞∑
n,n′=1
1[
(−iων + µ)2 − n
] 1[
(iων + µ)
2 − n′
] × (23)
1
2
(
1
2pi
)∫ ∞
0
ρ3dρe−ρ
2
L′n′
(
1
2
ρ2
)
L′n
(
1
2
ρ2
)
A↑↑↓↓ = τ
∞∑
ν=−∞
∞∑
n,n′=0
(−iων + µ) (iων + µ)[
(−iων + µ)2 − n
] [
(iων + µ)
2 − (n′ + 1)
] × (24)
(
1
2pi
)∫ ∞
0
ρdρe−ρ
2
Ln′
(
1
2
ρ2
)
Ln
(
1
2
ρ2
)
and τ ≡ kBT~ωc .
Performing the integration over ρ in both Eqs. 23 and 24 our results for the eigenvalues A↑↓↓↑, A
↑↑
↓↓ take the forms:
A↑↓↓↑ ≡ A0 = −
(
1
2pi
)
τ
∞∑
ν=−∞
∞∑
n,n′=1
(n+ n′)!
2n+n′n′!n!
(
n′n
n+n′
)
[
(−iων + µ)2 − n
] [
(iων + µ)
2 − n′
] (25)
A↑↑↓↓ = A1 + ∆A1, (26)
A1 =
(
1
4pi
)
τ
∞∑
ν=−∞
∞∑
n,n′=1
(n+ n′)!
2n+n′n!n′!
(−iων + µ) (iων + µ)[
(−iων + µ)2 − n
] [
(iων + µ)
2 − n′
] , (27)
∆A1 =
(
1
4pi
)
τ
∞∑
ν=−∞
∞∑
n=1
1
2n
 (iων + µ)(−iων + µ) [(iων + µ)2 − n] + CC
 (28)
Note that the pairing correlations of electrons, pre-
serving their spin-up projection, with electrons preserv-
ing their spin-down projection, as expressed by A↑↑↓↓ in
Eq.26, include contributions of correlations of the zero
LL with nonzero LLs, as reflected by ∆A1 in Eq.28. On
the other hand, the pairing correlations of electrons, flip-
ping their spin-up to spin-down projections, due to spin
orbit coupling, with electrons flipping their spin-down to
spin-up projections, as expressed by A↑↓↓↑ in Eq.25, do not
include any contributions involving zero LL states.
Combining the self-consistency integral equation,
Eq.16, with the eigenvalue equation (for A = A↑↓↓↑−A↑↑↓↓),
Eq.21, the former reduces to the simple algebraic equa-
tion, 1 = |V |A. Performing the summation over the
Matsubara frequencies ων we arrive at the following ex-
pression for |V |A:
|V |A = 1
32
λ√
nF
2∑
i,j=1
N(i)u∑
n=N
(i)
l
N(j)u∑
m=N
(j)
l
(m+ n)!
2m+nn!m!
I(ij)nm , (29)
I(ij)nm =
[
(−1)j √m+ (−1)i√n
]2
n+m
tanh
(
µ+(−1)j√m
2τ
)
+ tanh
(
µ+(−1)i√n
2τ
)
2µ+ (−1)j √m+ (−1)i√n , I
(ij)
00 = 0
where:
λ =
√
nF |V |
pia2H~ωc
= |V |N (EF ) = |V |
(
m∗
2pi~2
)
, nF ≡ µ2
6FIG. 1. Schematic illustration of the Weyl model bands struc-
ture for a positive chemical potential, smaller than the cutoff
energy, showing a pair of Landau levels in both subbands at
the cutoff energy measured from the Fermi energy.
with N (EF ) =
EF
2pi(~v)2 being the single electron density
of states per spin projection per unit area and m∗ = EFv2
the effective cyclotron mass at the Fermi energy.
The different cutoff LL indices N iu (N
i
l ), indicated
in Eqs.29, refer to the different branches, i.e. the con-
duction (positive), or valence (negative) energy bands
of the Weyl model contributing to the pairing correla-
tion. The different values arise due to the fact that the
cutoff is introduced to the electron energy, by the medi-
ating electron-phonon interaction, relative to the Fermi
energy, rather than to the branching point (zero) en-
ergy of the Weyl bands structure. Thus, assuming a
(Debye) cutoff energy ~ωD, we should distinguish be-
tween two different situations. In the usual situation
where ~ωD < EF , pairing takes place only in a single
band, so that, e.g. for a positive chemical potential,
we find: N
(1)
u =
[
nF (1 + γ)
2
]
, N
(1)
l =
[
nF (1− γ)2
]
,
N
(2)
u = N
(2)
l = 0, where γ = ~ωD/EF . In the unusual
situation where the cutoff energy, ~ωD > EF , both in-
ter and intra band pairing take place, so that the cutoff
LL indices are different for energies in the valence (V)
and conduction (C) bands. Thus, for CB pairing (cor-
responding to the energy denominator 2µ − √m − √n
in Eq.29), we have: N
(1)
u =
[
nF (1 + γ)
2
]
, N
(1)
l = 0.
For the interband pairing (energy denominators 2µ −√
m +
√
n , or 2µ +
√
m − √n in Eq.29) the cutoff in-
dices are: N
(1)
u =
[
nF (1 + γ)
2
]
, N
(1)
l = 0, or: N
(2)
u =[
nF (γ − 1)2
]
, N
(2)
l = 0, respectively.
COMPARISON WITH THE STANDARD
(NONRELATIVISTIC) ELECTRON GAS MODEL:
THE SEMICLASSICAL APPROXIMATION
A useful reference model, for comparison with the
2D Weyl model developed above, starts with a nonrela-
tivistic electron gas, characterized by a quadratic single-
electron energy-momentum dispersion, E = ~
2k2
2m∗S
, with
band effective mass, m∗S , set equal to
1
2m
∗
0 =
EF0
2v2 , and
EF0- the Fermi energy in the Weyl model at a certain
doping level, to be determined in reference to a concrete
experiment. Under these assumptions both the Fermi
energy, EF0 , and the Fermi wave number, kF0 , are the
same in both models:
EF0 =
~2k2F0
2m∗S
= ~vkF0 (30)
And in a perpendicular magnetic field H = (0, 0, H) the
cyclotron frequency, ωSc ≡
(
eH
m∗Sc
)
, is related to the Weyl
cyclotron frequency, ωWc ≡
√
2v
aH
, via:
ωWc = 2
√
nF0
(
eH
m∗0c
)
=
√
nF0ω
S
c (31)
where in both models
nF0 ≡ EF0~ωSc
≡
(
EF0
~ωWc
)2
=
(aHkF0)
2
2
(32)
Using the set of parameters defined above, the well
known expression for the pairing energy eigenvalue ob-
tained in the standard model takes the form:
|V |AS = 1
4
λS
nF0(1+γ0)∑
m,n=nF0(1−γ0)
(m+ n)!
2m+nn!m!
tanh
(
µ0−n−1/2
2τS
)
+ tanh
(
µ0−m−1/2
2τS
)
2µ0 − n−m− 1 (33)
where µ0 = nF0, τS =
kBT
~ωSc
, λS ≡ |V |
(
m∗S
2pi~2
)
, and γ0 = ~ωD/EF0.
7The semiclassical limit of our theory in the Weyl
model is basically established at sufficiently small mag-
netic fields for which the LL index at the Fermi en-
ergy, nF , is sufficiently large compared to unity. Thus,
assuming that nF  1 , we may expand the CB
energy appearing in the dominant contribution to A
(i.e. I
(11)
nm ) in Eq.29 around m = nF , or n =
nF , e.g.:
√
m ≈ µ + 12√nF (m− nF ),
√
n ≈ µ +
1
2
√
nF
(n− nF ), such that to leading order: I(11)nm ≈
4
√
nF
tanh
(
nF−m
2(2τ√nF )
)
+tanh
(
nF−n
2(2τ√nF )
)
2nF−m−n , and:
|V |AW ≈ |V |ASCW =
1
8
λ
N(1)u∑
m,n=N
(1)
l
(m+ n)!
2m+nn!m!
tanh
(
nF−m
2(2
√
nF τW )
)
+ tanh
(
nF−n
2(2
√
nF τW )
)
2nF −m− n (34)
Note that, for EF = EF0, AW in Eq.34 is seen to be close
to 12AS in Eq.33, provided the dimensionless temperature
scale τW ≡ kBT~ωWc is rescaled by the factor 2
√
nF0. In fact,
the rescaled value, 2
√
nF0τW =
kBT
~eH/m∗0c
= 2
(
kBT
~ωSc
)
=
2τS , is consistent with Eq.31. It should be noted that the
dimensionless zero-point energy, 1/2 in Eq.33, character-
izing the standard model, does not make any difference
since it can always be absorbed into the chemical poten-
tial µ. The factor of 12 between the expressions 34 and
33 is due to the spin-momentum locking, inherent to the
Weyl model, and the consequent splitting of its spectrum
into positive and negative energy subbands, as compared
to the single band of the standard spectrum.
There is, however, an essential difference between the
two models, and that is the cyclotron effective mass in
the Weyl model is a function of the Fermi energy, whereas
in the standard model it is a constant. The above com-
parison is, therefore, drastically modified in the ultimate
quantum limit, when together with the doping level, the
Fermi energy tends to zero, and the prefactor λ√nF in
Eq.29 nominally diverges as nF → 0. The vanishing of
λ in the Weyl model with EF through the cyclotron ef-
fective mass, evidently removes this divergency, yielding:
λ√
nF
→ 1√
2pi
|V |/~v
aH
, EF → 0 .
It will be, therefore, helpful to extend the reference
model expressed in Eq.33 for varying values of EF , to
account for the dependence of the parameters nF and m
∗
in the Weyl model on EF . This can be done by replacing
nF0 = µ0 in Eq.33 with nF , defined in the Weyl model
by:
nF ≡
(
EF
~ωWc
)2
=
1
2
(aHkF )
2
(35)
so that:
|V |AS → 1
4
λS
nF (1+γ)∑
m,n=nF (1−γ)
(m+ n)!
2m+nn!m!
tanh
(
nF−n−1/2
2τS
)
+ tanh
(
nF−m−1/2
2τS
)
2nF − n−m− 1 (36)
where τS =
√
nF0τW and γ = ~ωD/EF . The standard
coupling constant, λS , is defined by fixing the value of
the cyclotron mass at m∗S (i.e. at a certain value of the
Fermi energy EF0): λS ≡ |V |
(
m∗S/2pi~2
)
= 12λ0, so that
the prefactor in Eq.29 is rewritten in a form showing its
independence of EF :
λ√
nF
=
λ0√
nF0
= 2
λS√
nF0
(37)
Using this expression in Eq.29, together with the semi-
classical approximation that yields Expression 34, the
pre-factor, λ/8, in the latter becomes: (λS/4)
(
kF
kF0
)
, in
full agreement with Eq.36 at the reference point kF =
kF0. For doping levels away from the reference point, i.e.
for kF 6= kF0, one finds the simple relation:
ASCW =
(
kF
kF0
)
AS (38)
MAPPING BETWEEN THE TWO MODELS AND
THEIR COMPARISON WITH EXPERIMENT
Experimental evidence for the existence of strong type-
II superconductivity in a surface state of a topological
insulator under a strong magnetic field can be found
8FIG. 2. Pairing condensation energy eigenvalue, A, as a function of field, h ≡ H/H0 , at temperature t ≡ T/T0 = 0.01,
calculated for the Weyl model, Eq.29 (red curves), and for the extended standard model, Eq.36 (blue curves), at various values
of n˜F (= 15 (a),10 (b), 5 (c), 0.5 (d)). The reference parameters, H0, T0 , were selected in accord with the experiment, as
discussed in the text. The cutoff was selected at: ~ωD/EF0 = 0.5. Note that for n˜F < 5 the cutoff energy ~ωD > EF .
in results of transport, magnetic susceptibility, de Haas
van Alphen (dHvA) oscillations and scanning tunnelling
spectroscopy measurements, reported recently on Sb2Te3
[5]. Using a simple s-wave BCS model, similar to the
standard model described in Sec.3, with the experimen-
tally observed dHvA frequency, F0 = 36.5 T (implying
nF0 (H) =
F0
H ), and cyclotron massm
∗
0 = 0.065me, it was
shown in [9] that such an unusual SC state can exist only
in the strong coupling superconductor limit. In particu-
lar, the zero field limit of the self-consistent order param-
eter amplitude, ∆SC (nF0 →∞) → ~ωD/ sinh (1/λ0),
calculated in [9], was found, for λ0 = 1 and ~ωD =
0.25EF0, to basically agree with the spatially average
SC energy gap, derived from the STS measurements (i.e.
' 13 meV) [5], whereas the LL filling factor, calculated
at the semiclassical Hc2 ( nF0 ≈ 14), was found to agree
with the experimentally determined field of the resistivity
onset downshift HR (∼ 2.5 T, nF0 ∼ 14) [5].
Such an agreement, between the standard model, out-
lined in Sec.3, and the experiment reported in [5], seems
to imply that the peculiar features of the helical sur-
face state bands structure distinguishing the 2D Weyl
Fermion gas model from the standard model, are irrele-
vant in constructing its high-fields SC state, except for
a single parameter:- its unusual cyclotron effective mass,
which can be dramatically modified upon variation of the
chemical potential (e.g. by doping or by changing the
gate voltage). The analysis presented in Sec.3 supports
this conclusion for carrier densities and magnetic fields
in the semiclassical limit.
Here we study the relationships between the Weyl
model and the extended standard model, described
above, in the general parameters range, finding condi-
tions for a complete mapping between the two models,
and searching for physical situations in which they are
qualitatively distinguishable. In Fig.2 we plot results of
the pairing eigenvalue A, calculated within both the Weyl
and the extended standard models, as a function of the
reduced magnetic field, h ≡ H/H0, for various values of
Fermi energy EF . The temperature was selected suffi-
ciently small to unfold the quantum oscillations associ-
ated with the Landau quantization.
Selecting for the reference parameters the values ex-
tracted from the transport and magneto-oscillations mea-
surements [5], as described above: F0 = 36.5T,H0 =
2.5T , m∗0 = 0.065me, and from the magnetic susceptibil-
9FIG. 3. H-T Phase diagram, obtained by solving the self-
consistency equation for both models at the reference point:
n˜F = n˜F0 = 10, on the basis of the reference parameters
H0, T0 , as discussed in the text.The cutoff was selected at:
~ωD/EF0 = 0.5. Deviations are seen only around the dark
blue area, where the Weyl phase boundary is slightly above
the standard one. Mutual reentrances of the SC and N
phases, due to strong magneto-oscillations effect, are seen
around the upper-left corner of the phase diagram.
ity measurements [5] the value: T0 = 100K, we define the
dimensionless reference parameters: τ˜S ≡
(
kBT0/~ω˜Sc
)
and τ˜W ≡
(
kBT0/~ω˜Wc
)
, where ω˜Sc ≡ (eH0/m∗Sc) and
ω˜Wc ≡
(√
2v/aH0
)
, so that: τS = τ˜S (t/h) and τW =
τ˜W
(
t/
√
h
)
. The two scales are therefore related via:
τ˜S = (n˜F0)
1/2
τ˜W , where n˜F0 ≡ (aH0kF0)2 /2 ≈ 10.
The eigenvalues AW , AS , plotted in Fig.2 as functions
of h, for various values of n˜F ≡ (aH0kF )2 /2, show at
n˜F = n˜F0 complete agreement between the two mod-
els, including the fine structure of the quantum oscil-
lations, provided τ˜S is re-scaled to 2 × (n˜F0)1/2 τ˜W , as
found in the semiclassical approximation, Eq.34. Under
these conditions, solutions of the self consistency equa-
tion, 1 = |V |A, for both models, yield nearly identical
results for the H-T phase diagrams, as shown in Fig.3,
except for a small deviation in the low fields region, due
to the different ultraviolet divergency predicted by the
two models. The two intersection points of the phase
boundary with the axes, shown in Fig.3, are seen to be
close to t = 1 and h = 1, thus indicating that the cal-
culated Hc2 (T → 0) and Tc (H → 0) values are close to
the values of H0 and T0, respectively.
For values of n˜F away from n˜F0 the baseline of AW is
shifted with respect to that of AS , depending on wether
n˜F > n˜F0 (shift up), or n˜F < n˜F0 (shift down), thus re-
flecting the dependence of the pairing correlation in the
Weyl model on the carrier density. This behavior is con-
sistent with the relation 38 derived in the semiclassical
limit. The oscillatory patterns remain nearly the same,
except for slight relative narrowing of the Weyl peaks
upon decreasing n˜F , which becomes quite significant in
the quantum limit, e.g. at n˜F = 0.5 in Fig.2d. It is
also remarkable that in the ultimate quantum limit, i.e.
when n˜F → 0, the pairing correlation in the Weyl model,
despite its vanishing normal electron density of states at
the Fermi energy, does not vanish.
CONCLUSION
In this paper we have developed a Nambu-Gorkov
Green’s function approach to strongly type-II supercon-
ductivity in a 2D spin-momentum locked (Weyl) Fermi
gas model at high perpendicular magnetic fields in order
to study the transition to high field surface supercon-
ductivity observed recently on the topological insulator
Sb2Te3[5]. We have found that, for LL filling factors
larger than unity, superconductivity in such a 2D Weyl
Fermion gas can be mapped onto the standard 2D elec-
tron (or hole) gas model, having the same Fermi sur-
face parameters, but with a cyclotron effective mass,
m∗ = EF /2v2 , which could be dramatically reduced
below the free electron mass, me, by manipulating the
doping level, or the gate voltage. Our calculations for
Sb2Te3 show that the SC helical surface state reported in
[5] was in the moderate semiclassical range (nF ≥ 10), so
justifying the mapping with the standard model. They
reveal a very unusual, strong type-II superconductivity
at low carrier density and small cyclotron effective mass,
m∗ = 0.065me, which can be realized only in the strong
coupling (λ ∼ 1) superconductor limit[9]. Further reduc-
tion of the carrier density in such a system could yield an
effective cyclotron energy comparable to or larger than
the Fermi energy, LL filling factors smaller than unity,
and cutoff energy larger than the chemical potential, re-
sulting in significant deviations from the predictions of
the standard model.
Note, however, that for such a dilute fermion gas sys-
tem the simple mean field BCS theoretical framework
of superconductivity, exploited in this paper, should be
drastically revised, particularly due to the neglect of both
phase and amplitude fluctuations of the SC order param-
eter [13], and to the breakdown of the adiabatic approxi-
mation in the electron phonon system [14]. Several recent
reports on superconductivity in very dilute fermion gas
systems, such as that found in compensated semimetal-
lic FeSe [15], or in the large-gap semiconductor SrTiO3
[16], have drawn much attention to fluctuation super-
conductivity beyond the Gaussian approximation, which
could lead to crossover between weak-coupling BCS and
strong-coupling Bose-Einstein condensate limits [17]. In
the presence of strong magnetic fields the situation is
further complicated due to complex interplay between
vortex and SC amplitude fluctuations [18].
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